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This work deals with quantum graphs, focusing on the transmission properties they engender. We first select
two simple graphs, in which the vertices are all of degree 3, and investigate their transmission coefficients. In
particular, we identified regions in which the transmission is fully suppressed. We also considered the trans-
mission coefficients of some series and parallel arrangements of the two basic graphs, with the vertices still
preserving the degree 3 condition, and then identified specific series and parallel compositions that allow for
windows of no transmission. Inside some of these windows, we found very narrow peaks of full transmission,
which are consequences of constructive quantum interference. Possibilities of practical use, as the experimental
construction of devices of current interest to control and manipulate quantum information are also discussed.
I. INTRODUCTION
In the last twenty years, quantum graphs [1, 2] have been
used to describe the behavior of quantum particles in ideal-
ized physical networks. The interest is due to the richness
of the subject, which can be related to a variety of issues in
physical and mathematical sciences. For instance, it has been
simulated experimentally in microwave networks [3] and it
is also possible to synthesize quantum nanowires networks
[4, 5]. From the fundamental point of view, quantum graphs
have became a test bed for studying different aspects in quan-
tum mechanics and, due to the complex nature of the problem,
the development of a unique method that holds for all graphs
is difficult. Fortunately, however, there are some techniques
developed in the literature that are able to deal with this prob-
lem [6]. Among the several methods to deal with quantum
graphs, an interesting one is the Green’s function approach,
first proposed in [7] and further explored in [8, 9]. In this
work we shall deal with specific scattering properties of quan-
tum graphs, which are identified by two leads and sets of ver-
tices and edges, to be described in the next section. The fo-
cus is mainly on the transmission properties of simple graphs,
owing to the possibility of applications of physical interest.
We investigate the global transmission amplitude of quantum
graphs as a function of the wave number of the incident sig-
nal using the Green’s function approach developed in [8, 9].
In particular, closer attention is given to the Braess paradox
[10], and the possibility to identify regions of wave numbers
in which the transmission coefficient increases significantly,
searching for the presence of peaks of constructive quantum
interference of very narrow width, similar to Feshbach reso-
nances [11], in distinct arrangements of the two basic struc-
tures to be studied in this work.
As one knows, the Braess paradox was first discussed by
Dietrich Braess in 1968 [10], and further studied in Refs.
[12, 13]. Originally, it showed that adding an extra road to
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a congested road traffic network to improve traffic flow may
sometimes have the reverse effect, impeding the flow. In this
work we follow the interpretation that the addition of a new
possibility may under specific conditions enlarge the com-
plexity of the system, opening new possibilities that may in-
clude surprisingly unexpected responses. The paradox may
appear at the classical or quantum level, and it was also dis-
cussed in several other contexts in Refs. [14–19], in particu-
lar in [14], in which numerical simulations of quantum trans-
port in mesoscopic networks with two and three branchs re-
veals the transport inefficiency, which is further confirmed by
a scanning-probe experiment using a biased tip that modu-
lates the conductance variation in terms of the tip voltage and
position. Moreover, it also appears in [15] in a numerical sim-
ulation in a quantum ring of finite width with the addition of a
central horizontal branch, in [18] in the context of electronic
transport in two quantum dots that are coupled together with
two and three leads, and in [19] in the case of a phase-coherent
quantum transport through a simple three-arm metallic fork.
As we shall show, the Braess paradox also appears related to
the global transmission of the quantum graphs that we exam-
ine in the current work.
Besides exploring global transmission properties of quan-
tum graphs, we also concentrate on the presence of very nar-
row peaks of full transmission. The narrowness of the peaks
reminds us of Feshbach resonances [11], which, in the context
of quantum graphs, were investigated before in Ref. [20] in a
ring graph with edges with unequal sizes. The effect that we
are interested here is different, that is, we search for peaks of
full transmission that we call peaks of constructive quantum
interference, which occur inside regions of no transmission.
The search for the Braess paradox in simple quantum graphs
is an important motivation of the current work, but since it is
related to the presence of complexity, we also concentrate on
the construction of composed devices to provide the existence
of very narrow peaks of constructive quantum interference.
We deal with quantum graphs, but in this work we con-
sider simple graphs that are formed by arrangements of ideal
leads, edges and vertices. This means that neither the vertices
nor the leads and edges allow for dissipation of information
and, in this sense, any linear arrangement of leads, edges and
vertices is trivial, since it gives full global transmission (see
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2below). To go further on out of the trivial situation, we have
to consider the possibility of a vertex being connected by a
triple junction, in the form of a Y-shaped configuration, which
is usually called a vertex of degree 3. In this case, the signal
reaching a vertex has the possibility to reflect and return, and
two possible paths of transmission, and this introduces non-
trivial quantum effects that can appear in the global transmis-
sion coefficient of the graph. Of course, there is a diversity of
possibilities of constructing graphs with vertices connected by
two, three, four and more edges, and so in this work we con-
sider the two simple possibilities of hexagonal arrangements
composed of two leads, six vertices and eight edges, with all
the vertices having degree 3. We consider this possibility in
order to eliminate effects that could appear due to the pres-
ence of vertices with higher degrees, which seem to prefer
back-scattering [21]. We call this the degree 3 condition, and
use it to simplify the current investigation.
The presence of vertices of degree 3 leads us with two dis-
tinct graphs that can be used to build arrangements that gives
interesting responses, which can be of practical use in the con-
struction of simple devices with important quantum proper-
ties. The two graphs to be considered in this work are hexag-
onal graphs with some internal structure, and this will also
be of current interest, since hexagons are important to tile the
plane to lead to hexagonal structures with vertices of degree
3, which are important part in nanotubes [22], in graphene
sheets [23, 24] and in carbon boron nitrite hybrid nanosheets
[25]. In this sense, the current investigation may also attract
interest toward graphene, nanotubes and other related struc-
tures. Nanotubes, in particular, are two-dimensional hexago-
nal lattices of carbon atoms arranged to form hollow cylinders.
They may be arranged in three distinct ways, having the arm-
chair, zig-zag or chiral conformation, and may be metallic or
semiconductor, so the spatial conformation induces distinct
electronic transport properties.
In order to deal with the above issues and implement the
investigation, we organize the work as follows. In the next
Sec. II, the main properties of quantum graphs are described,
and there one concentrates mainly on the global transmission
of simple graphs via the Green’s function approach. In the
Sec. III we introduce the two main graphs to be studied in this
work, and there we describe and compare their global trans-
mission coefficients. This investigation allows that we iden-
tify the Braess paradox. Since the paradox indicates the pres-
ence of quantum complexity, in Sec. IV we deal with some
simple composition of these two graphs and study some sim-
ple series and parallel arrangements of them. This will lead us
to the presence of narrow peaks of full transmission, so in Sec.
V we further investigate the issue to search for the presence of
very narrow peaks of constructive quantum interference. In
Sec. VI we end the work, adding some comments and conclu-
sions, paying further attention to the possibility of using the
results of the work to applications of current interest to the
area of quantum information. In particular, in the companion
Letter [26] we examine simpler possibilities to propose the
fabrication of devices to support the control of information at
the quantum level.
II. PROCEDURE
In this section, we review some concepts of graphs as used
in this paper. In particular, we deal with quantum effects and
the use of the Green’s function approach for the calculation
of the global transmission properties of quantum graphs, pay-
ing closer attention to the case of graphs with simple arrange-
ments of leads, edges and vertices.
A. Quantum graphs
A graph G(V,E) consists of a set of vertices V (G) =
{1, . . . , n} and a set of edges E(G) = {e1, . . . , el} [27]. The
graph is described in terms of the adjacency matrix A(G) of
dimension n× n where the ijth element is defined by
Aij(G) =
{
1, if {i, j} ∈ E(G),
0, otherwise.
(1)
The degree of a vertex i is defined as di =
∑n
j=1Aij(G).
We denote the set of neighbors of a vertex i by Ei = {j :
es = {i, j} ∈ E(G)} and the set of neighbors of i but
with the vertices {k1, . . . , kdi} excluded by Ek1,...,kdii =
Ei \ {k1, . . . , kdi}. A metric graph Γ(V,E) is a graph in
which is assigned a positive length `es ∈ (0,+∞) to each
edge. When a single ended edge es is taken as semi-infinite
(`es = +∞), it is called a lead. A quantum graph is a metric
graph in which is possible to define a Schro¨dinger operator
along with appropriated boundary conditions at the vertices
[2]. In general, the Schro¨dinger operator along the edge {i, j}
has the form
Hij = − ~
2
2m
d2
dx2
+ Vij(x), (2)
where Vij(x) is the corresponding potential. In this sense, we
can model distinct edges with the inclusion of different poten-
tials; in particular, one can add a square well which will mod-
ify the transmission through the edge and so the global trans-
mission through the graph. In this work, however, we shall
take Vij(x) = 0, that is, we shall use the free Schro¨dinger
operator.
B. The Green’s function approach
In the context of quantum graphs, the exact scattering
Green’s function for a quantum particle of fixed energy E =
~2k2/2m, with initial position xi in the lead ei and final po-
sition xn in the lead en is given by a sum over all the scatter-
ing paths connecting the points xi and xn, where each path is
weighted by the product of the scattering amplitudes gained
along the path [8]. The reflection and transmission ampli-
tudes, ri and ti, at the vertex i, are determined through the
boundary conditions defined at the vertex i. With the help of
the adjacency matrix of the graph, it was shown in [9] that this
3sum over the paths can be written in the form
GΓin =
m
i~2k
TΓin(k)e
ik(xi+xn), (3)
where
TΓin(k) =
∑
j∈Ei
tiAijp
(n)
ij , (4)
is the transmission amplitude. The p(n)ij is the family of paths
between the vertices i and j, which are given by
p
(n)
ij = zijrjp
(n)
ji +
∑
l∈Ei,nj
zijtjAjlp
(n)
jl + zijtnδjn, (5)
with zij = eik`{i,j} . The family p
(n)
ji is given by the same
expression above, but with the swapping of indices i and j.
Then, in each vertex iwe associated one p(n)ij for every j ∈ Ei.
In this work, we shall employ the above approach to determine
the transmission coefficient |TΓin(k)|2 for different quantum
graphs and then discuss their properties. We shall consider
equilateral quantum graphs where the length of all the edges
are the same and set them to `, such that zij = z = eik`.
C. The quantum amplitudes
Let us now discuss about the possible boundary conditions.
As one knows, a commonly vertex condition used is the so-
called δ-type condition defined by [28]
ψ{i,j} = ϕj , ∀i ∈ Ej ,∑
i∈Ej
ψ′{i,j} = αj ϕj , (6)
where ϕj is the value of the wave function at the vertex j
and αj is real parameter related to the strength of the δ-type
interaction. The prime in (6) represents the derivative, which
should be taken in the outgoing direction, i.e., from the vertex
into the edges or leads. Using this boundary condition the
quantum amplitudes have the form [8, 9]
rj(k) =
αj − (dj − 2)ik
ikdj − αj , (7)
tj(k) =
2ik
ikdj − αj . (8)
Among the choices for the value of αi, an interesting one is
αi = 0,∀i. In this case, we are considering no barrier at the
vertices, resulting in the so-called Neumann-Kirchhoff bound-
ary condition. As a result, the quantum amplitudes have the
property of being independent of k,
rj =
2
dj
− 1, tj = 2
dj
, (9)
showing that the reflection amplitude increases with the in-
creasing of the degree of the vertex. When a Neumann-
Kirchhoff boundary condition is used at a vertex of degree
FIG. 1. (Color online) Illustration of the diamond and hexagonal
graphs.
2, the transmission amplitude is equal to 1 and the vertex be-
comes an ordinary point joining the edges. Such vertices are
called Neumann vertices [2]. In what follows, we shall adopt
Neumann vertices of degree 3. In this case the reflection and
transmission amplitudes are explicitly given by ri = −1/3
and ti = 2/3, respectively.
With the above conditions, we shall be then considering
quantum graphs with ideal leads and edges, and with vertices
that obey the Neumann boundary conditions. This is the sim-
plest possibility, and we shall also only consider vertices of
degree 3, to avoid accounting for effects due to vertices of
different degrees.
III. SIMPLE GRAPHS
Let us now concentrate on simple graphs. One uses the
symbol • to represent vertices, and straight line segments to
stand for the edges and leads, and first considers the graph
−•− with two leads, one at the left and the other at the right of
the vertex. As we have already commented, this is trivial and
gives |T−•−(k)|2 = 1, since we are considering a Neumann
vertex. If we go further and consider the graph−•−•− we also
get full transmission, |T−•−•−(k)|2 = 1. In view of this, we
have to consider vertices with higher degrees leading to more
complex graphs to open the possibility of having nontrivial
transmission effects, so we depict the diamond (D) and the
hexagonal (H) graphs that are shown in Fig. 1. In this case,
the transmission amplitudes can be written as
TD(k) =
8z2
9− z4 , (10)
TH(k) =
8z3
9− z6 , (11)
and the corresponding transmissions coefficients are shown in
Fig. 2.
The transmission coefficients are nontrivial anymore, and
the effects are due to the presence of the left and right vertices
of degree 3. Here we notice that since we are considering
Neumann vertices, the difference between the diamond and
hexagonal graphs depicted in Fig. 1 is only due to the differ-
ence between the two internal paths, which is at the ratio 2/3,
as it nicely appears when one accounts for the difference be-
tween the periodicity of the transmission of the diamond and
the hexagonal graphs that appear in Fig. 2.
Since the presence of vertices of degree 3 induces nontriv-
ial transmission, we then focus on this and consider the new
graphs which are depicted in Fig. 3. They are all constructed
with vertices of degree 3 in the diamond and hexagonal fam-
ilies. Since there is only one graph in the diamond family,
4FIG. 2. (Color online) Transmission coefficients of the diamond
(blue solid line) and hexagonal (violet dotted line) graphs shown in
Fig. 1.
we cannot compare the transmission behavior of two distinct
diamond graphs with vertices of degree 3. Due to this, from
now on we concentrate on the transmission coefficient of the
two graphs of the hexagonal family, to compare their proper-
ties. This means that our results will not be contaminated by
effects of vertices of different degrees.
We represent the two different square and crossed hexago-
nal graphs by Q and X , respectively. The transmission ampli-
tudes for these two graphs are given by
TQ(k) =
32z3(1 + z)
(9 + 4z2 + 3z4)(9− 3z + z2 − 3z3) , (12)
TX(k) =
64z3
81 + 9z2 − 17z4 − 9z6 , (13)
and the corresponding transmission coefficients are displayed
in Fig. 4, unveiling interesting nontrivial properties which we
discuss below.
As we noted, the two transmission coefficients are periodic
so we display them in Fig. 4 for the wave number in the in-
terval of periodicity of the Q graph. We also observe that the
transmission coefficient of the Q graph is more complex than
the other one. More importantly, it may vanish in a large in-
terval which we call the suppression band, inside its interval
of periodicity. The results also show that there are regions in
k space, where the transmission is more or less significant for
the Q than the X graphs. That is, |TQ(k)|2 may be greater
FIG. 3. (Color online) Graphs with vertices of degree 3 in the dia-
mond and hexagonal families.
FIG. 4. (Color online) Transmission coefficients of the two struc-
tures, the hexagonal square (blue solid line) and crossed (violet dot-
ted line) arrangements Q and X that appear in Fig. 3.
(smaller) than |TX(k)|2, depending of the interval in k space
in consideration.
This open the interesting possibility to study the presence
of the Braess paradox in those quantum graphs. The paradox
was first discussed by Braess in 1968 [10]; see also [12, 13].
It was also studied in several other contexts in Refs. [14–
18], and in [19] in the context of quantum graphs. Here we
depict the difference |TQ(k)|2 − |TX(k)|2 between the two
coefficients, to see regions where one is higher than the other.
This is shown in Fig. 5, and we can observe that for k` in
the interval 1.15215 < k` < 5.13103 the transmission of
the X graph is higher than the transmission of the Q graph.
However, for 0 < k` < 1.15215 and for 5.13103 < k` < 2pi
one sees that the transmission for the Q graph is greater than
the one for the X graph, and this is a manifestation of the
Braess paradox.
To see that this is indeed the case, let us first discuss the
problem classically: one supposes that a classical signal (a
soccer ball, for instance) enters the graph at the left (right) lead
and leaves it at the right (left) lead; one notices from Fig. 3
that for theQ graph the shortest trajectory requires three steps,
and that there are two distinct possibilities; for the X graph,
the shortest trajectory also requires three steps, but now there
are four distinct possibilities. Thus, the transmission through
the X graph seems to be more efficient than the other one.
However, the problem is more complex than this, because of
the presence of reflection at the vertices. For instance, the
next shortest trajectory for the Q graph requires four steps,
and there are four possibilities; for the X graph there is no
trajectory with four steps. In fact, the X graph has only tra-
jectories with odd number of steps, whereas the Q graph has
both even and odd number of steps. This difference between
these two graphs is reflected in the values of the respective
classical hitting times (see below), which are calculated nu-
merically to give hcQ = 13.57143 and h
c
X = 12.84615. These
results inform us that classically one should expect higher flux
through the X graph.
Since we are interested in quantum graphs, let us then direct
5FIG. 5. (Color online) The difference between the transmission co-
efficients of the Q and X graphs.
the investigation to the quantum level. To do this, we take ad-
vantage of the quantum hitting time (see below) related to the
two graphs Q and X . The numerical calculation of the quan-
tum hitting time gives hQ = 4.01196 and hX = 13/4 = 3.25.
These results show that the quantum transmission through the
X graph is expected to be more efficient than the one through
the Q graph in general. However, due to the quantum com-
plexity of the two graphs, there are regions of wave numbers
where the transmission through the Q graph is more efficient
than the one of the X graph, and this is a clear manifestation
of the Braess paradox.
The numerical calculation of the hitting time is based on the
fact that, in the context of random walks on graphs, the con-
cept of hitting time is directly related to the expected number
of steps to reach the vertex f starting from a vertex i [29]. This
concept can be extended to the realm of quantum mechanics
in the context of quantum walks, which are the quantum ver-
sion of random walks [30]. So, the corresponding quantity for
a quantum walk is the expected number of steps to reach the
quantum state in the edge en starting in the state in the edge
ei [31, 32]. Actually, quantum walks and quantum graphs are
deeply related to each other [33] and this relation was further
explored in [34]. Based on results of [34], it turns out that
the Green’s function for a quantum graph is actually a gener-
ating function for all the possible walks leaving the entrance
lead and getting the exit lead in the scattering process. In this
manner, the term z = eik` is equivalent to a time step in the
quantum walk problem. So, to extract all the paths with ex-
actly m steps we use the step operator [34]
Sˆm =
1
m!
∂m
∂zm
∣∣∣∣
z=0
. (14)
Thus, the total probability for the quantum walker to leave the
entrance lead and to get the exit lead of the graph in exactly
m steps in the scattering process is
P (m) = |SˆmTΓin |2, (15)
with TΓin given by Eq. (4). Additionally, the probability to
measure the particle for the first time in the exit lead, regard-
less the number of steps, Pout, is given by
Pout =
∞∑
m=1
P (m). (16)
Then, it is possible to define a conditional hitting time, h, as
[31, 32]
h =
1
Pout
∞∑
m=1
mP (m). (17)
This is the definition employed for the calculation of hQ of
the Q graph and hX of the X graph, as described above. The
classical case is simpler, and we follow the same reasoning
above for the computation of the classical hitting time, but us-
ing classical walks with transition probabilities of 1/3 at each
vertex.
The presence of the Braess paradox in the current context
informs us that both the Q and X graphs are complex enough
to give rise to other effects of current interest for quantum
information. They then motivate us to go further and explore
other possibilities. In the current investigation we explore the
fact that theQ graph engenders a band of no transmission in k
space, as it is easily identified from the blue solid line depicted
in Fig. 4. This is the suppression band, and it is an interesting
and unexpected quantum effect that can be used in application
of current interest. The simplest possibility is to use it to block
the passage of information through the quantum graph, which
can be seen as a device of direct interest to the construction of
tools that allow for the control and manipulation of quantum
information. Yet more interesting is to see the two quantum
graphs as two independent quantum devices, which can be
used to the construction of others, composed devices, and this
will be investigated in the next Section.
IV. GRAPH CIRCUITRY
Let us now use of the two quantum devices, the Q and the
X graphs, to build compound structures and study their trans-
mission properties at the light of the above investigation.
A. Simple series circuits
We first consider the series composition, of the forms
S(QQ), S(QX), S(XQ) and S(XX), where S(QX) indi-
cates the series composition of the graph Q with the graph
X , keeping the degree 3 condition of the vertices, which in
the series arrangement occurs very naturally. We then calcu-
late and display the transmission coefficient for all the cases
in Fig. 6. Although the square and crossed graphs are differ-
ent, the compound transmission does not depend on the order
one chooses each other, so we say that S(QX) = S(XQ).
We compare the transmission displayed with the blue solid
line in Fig. 4 with the one in the top panel in Fig. 6 to see
that the series composition of two square graphs enlarges a
6FIG. 6. (Color online) Transmission coefficients of the three com-
pound structures, the series arrangements S(QQ), S(QX), and
S(XX), depicted from top to bottom, respectively.
bit the suppression band in k space around k` = pi, so it is
a bit more efficient to block the passage of information. On
the other hand, the violet dotted line that appear in Fig. 4
and the bottom panel in Fig. 6 show the appearance of extra
maxima in the transmission coefficient of the S(XX) graph.
This composition also deepens the main minima, approaching
them to suppression. The composition S(QX) which appears
in the middle panel in Fig. 6 is also interesting: it shows an
almost invisible substructure in the suppression band, and this
suggests that we further explore this effect.
To do this, we add another basic device to the series struc-
ture, so we consider compound structures with three devices.
In this case there are several possibilities and in Fig. 7 we de-
pict the three series arrangements S(QQQ), S(QXQ) and
S(XXX), which are important for the considerations that
follow below. The top and bottom panels in Fig. 7 show a be-
FIG. 7. (Color online) Transmission coefficients of the three com-
pound structures, the series arrangements S(QQQ), S(QXQ), and
S(XXX), depicted from top to bottom, respectively.
havior which appeared before, when we compared with Figs.
4 and 6. In particular, in the top panel in Fig. 7, one sees
that the transmission coefficient vanishes completely in some
interval in k space, so we can also use this in applications of
current interest. Moreover, the behavior that appears in the
middle panel in Fig. 7 reveals an unexpected quantum behav-
ior, the presence of two very narrow peaks of full transmission
inside the suppression band. They are very interesting and are
consequences of the constructive quantum interference in the
underlying graph, which we further study in Sec. V.
B. Simple parallel circuits
Let us now study the case of parallel circuits. Here the con-
dition that we only have vertices of degree 3 selects some spe-
7cific combinations of the elementary devices. The simplest
parallel possibilities are the P (QQ), P (QX) = P (XQ) and
P (XX) structures, where P is used to indicate parallel ar-
rangements. The P (QX) arrangement, for instance, is con-
structed as follows: one puts the Q graph on top of the X
graph, without contact, and at the center of the vertical ar-
rangement, at the left and right one adds two extra vertices,
the one at the left (right) being connected with a left (right)
lead, and then connected with two other edges to keep the de-
gree 3 condition, one going up to the Q graph, and the other
going down to the X graph.
We study the three distinct possibilities and in Fig. 8 we de-
pict the transmission coefficients for the three distinct cases.
We note that both the top P (QQ) and bottom P (XX) figures
give results somehow similar to the respective cases in the se-
ries arrangements shown in Fig. 6; compare the top results
and the bottom results of both Figs. 6 and 8. However, the
middle panel which describes the P (QX) possibility is dif-
ferent from the case displayed in the middle panel of Fig. 6,
so we go further and study other compositions.
C. Other arrangements
The above results suggest that we study other possibil-
ities. The series and parallel arrangements are more in-
tricate than the elementary Q and X compositions, and
they require more complicate numerical calculations. How-
ever, if one keeps the condition of vertices of degree
3, there are several possibilities and we can, for in-
stance, consider the parallel structures P (QQ),P (QX) and
P (XX) in parallel and in series. Examples are the cases
P (P (QQ)P (QX)) and P (P (QX)P (XQ)), which repre-
sent parallel arrangements of parallel arrangements, etc, and
S(P (QQ)P (XX)P (QQ)), which represents a series ar-
rangement of three parallel arrangements, etc.
We have studied several cases and in comparison with the
previous results, we found no qualitatively different behavior.
To exemplify the findings, let us consider for instance the case
of a parallel composition of two parallel compositions and a
series composition with three structures of two parallel com-
positions. The results are depicted in Fig. 9, for the cases
P (P (QX)P (XQ)) and S(P (QQ)P (XX)P (QQ)), respec-
tively. We note that the transmission coefficients for these new
compositions add no different qualitative effects, in compar-
ison with the previous results, so we end the calculations of
transmission coefficients here.
V. INTERFERENCE
We see from the transmission coefficients of the several ar-
rangements already studied, the appearance of peaks of full
transmission in the region around the center (k` = pi) of the
periodic region in k space, which we now want to investi-
gate more carefully. We first focus on the central peak that
is displayed with the violet dotted line in Fig. 4. We do
this by looking at the poles of the Green’s function which,
FIG. 8. (Color online) Transmission coefficients of the three com-
pound structures, the parallel arrangements P (QQ), P (QX), and
P (XX), depicted from top to bottom, respectively.
for the X graph depicted in Fig. 3 are all contained in the
roots of the denominator of Eq. (13) [8]. Here we identi-
fied a pole at k` = pi, so one extends the investigation to the
complex plane to find that this pole has a width that measures
wX = 0.54408. Similarly, we also confirmed the presence of
the pole at k` = pi in the bottom panel in Fig. 6, but now the
width is wS(XX) = 0.25037.
The more interesting and unexpected case appears from the
middle panel in Fig. 7 and in the bottom panel in Fig. 9. There
are two similar peaks which engender very narrow widths, so
we further examine the corresponding Green’s function and
find the two poles that appear in the middle panel in Fig. 7:
they are located at k` = pi ± 0.3325, and have very narrow
width, which obeys w < 0.0003. They are peaks of full trans-
mission that appear inside the band of full suppression, and
can be interpreted as peaks of constructive quantum interfer-
8FIG. 9. (Color online) Transmission coefficients of two com-
pound structures, the parallel arrangement of two parallel structures,
P (P (QX)P (XQ)), and the series arrangements of three parallel
structures S(P (QQ)P (XX)P (QQ)), depicted from top to bottom,
respectively.
ence. A similar situation appears in the bottom panel in Fig. 9.
The presence of the two peaks symmetrically located around
k` = pi is a consequence of the time reversal symmetry of the
quantum graphs, which do not distinguish the signal entering
from the left (right) and leaving to the right (left). Note that
the time reversal symmetry is present in all graphs here stud-
ied; It shows that |T (pi+k`)|2 = |T (pi−k`)|2, for k` ∈ [0, pi],
for all the global transmission coefficients.
VI. DISCUSSION
In this work we studied global transmission properties of
two simple quantum graphs in the family of hexagonal graphs.
The two graphs appeared in the study of simple graphs that en-
gender nontrivial behavior, and they are all constructed under
the condition that the vertices are of degree 3. This condition
is imposed to circumvent the presence of effects due to ver-
tices of different degrees, that could perhaps complicate the
understanding of the results.
With this condition at hand, we ended up with the two quan-
tum graphs of the hexagonal family which are displayed in
Fig. 3, represented by Q and X , respectively. We calculated
the corresponding global transmission coefficients |TQ(k)|2
and |TX(k)|2 and examined some of their properties. In
particular, we showed the presence of the Braess paradox,
since the difference between the two global transmissions
|TQ(k)|2 − |TX(k)|2 displayed in Fig. 5 can be positive or
negative, depending on the value of the incoming wave num-
ber. To probe on this issue, we relied on the calculation of the
hitting time for the two graphs, at the classical and quantum
levels, and in both cases the results showed that the hitting
time for the Q graph is greater than the one for the X graph.
We also found a surprising and unexpected quantum behav-
ior, which concerns the presence of a suppression band, that
is, a large region in wave number, where the global transmis-
sion of information is fully suppressed by the Q graph. Mo-
tivated by this and the results on the Braess paradox, which
is in this work interpreted as being due to the complex char-
acter of the two quantum graphs, we explored other possibil-
ities, using the two graphs as elementary devices that could
be added together in series and/or parallel, to form composed
structures. We studied several arrangements, finding results
that can certainly motivate the construction of apparatus of
current interest for the transmission of quantum information.
Also surprising, we showed how to compose the elementary
devices to find very narrow peaks of constructive quantum in-
terference inside the suppression band of the Q device. We
investigated the values and widths of these peaks and showed
that they are indeed very narrow.
If one thinks of the two quantum graphs as two elementary
devices, it is possible to probe them following the lines of Ref.
[3], in which experimental and theoretical results show that
microwave networks can simulate quantum graphs with time
reversal symmetry. This is an interesting line of investigation,
and is further connected with another very recent investigation
[35] on graphs and possible simulations via microwave net-
works. One can also think of considering networks of fibers
and splitters, as considered in [36]. In this case, in the simpli-
fied version we may say that when a signal reaches a splitter,
it is transmitted towards one of the connected fibers chosen at
random, with the transition probability given in terms of split-
ting factors, with the information flowing as a random walk
on the graph [36, 37].
Another important line of research concerns the construc-
tion of quantum devices at the nanometric scale, simulating
the two quantum graphs Q and X with quantum dots con-
nected by edges and leads; see, e.g., [4, 5] and references
therein. The idea is to suppose that electrons in the incom-
ing lead reach a quantum dot from one side and leave the de-
vice through the quantum dot at the outgoing lead on the other
side, after interacting with the four other quantum dots that are
arranged to form the two hexagonal graphs displayed in Fig.
3. Here the matter flow can be controlled by chemical poten-
tials of electronic sources that are attached to the left and right
leads. Although this seems to be a challenge at the experimen-
tal level, a simpler composition was suggested before in [18],
in an arrangement with two quantum dots that also unveiled
the Braess paradox. The quantum dot composition suggested
in [18] and the Braess paradox that appeared in the transmis-
sion results there obtained strongly motivate new research in
the subject.
From the practical perspective, the experimental construc-
9tion of devices based on quantum dots seems to face another
challenging obstacle, which concerns the graph X , that re-
quires two edges that cross without touching each other. To
circumvent this, one has to leave the planar perspective to
build spatial devices. There is no problem here, if one thinks
of modelling microwave structures like the ones described in
[3, 35] and also, the fabrication of lattices of optical fibers and
splitters in the form recently suggested in [36, 37]. Moreover,
we can think of using the procedure described in the current
work to model nanotubes [22] and graphene sheets [23]. Nan-
otubes, for instance, may be of the arm-chair, zig-zag or chiral
type, with the cylindrical conformation inducing distinct elec-
tric properties, so it would be of current interest to investigate
the corresponding transmission coefficients under the lines of
the present work. Another possibility of practical interest is to
leave the Q and X arrangements and examine simpler graphs,
with the focus on the construction of simpler quantum devices
at the nanometric scale. The challenge here is to conciliate
quantum complexity with geometric simplicity, complexity
that is required for the description of the Braess paradox and
the presence of quantum interference, and simplicity which is
welcome for the fabrication of quantum devices. A proposal
of current interest is explored in the companion Letter [26],
where we deal with simpler graphs, which, despite the geo-
metric simplicity, still produce quantum complexity enough
to reveal the Braess paradox and the presence of constructive
quantum interference.
The theoretical perspective engenders other realisations, an
interesting one being the study of more realistic graphs. A fea-
sible possibility is the inclusion of potentials along the edges
and/or barriers at the vertices of the quantum graphs. This can
be implemented with the addition of real parameters related
to the potentials added along the edges, as commented on be-
low Eq. (2), and the strength of the δ-type interaction at the
vertices; this last possibility is controlled by Eqs. (6), (7) and
(8), and its realization follows straightforwardly. In the case
of electronic transport of information, we can also add appro-
priate magnetic fields, which would break the time reversal
symmetry and add new effects. Another line of investigation
concerns the search for other graphs, with similar properties
but distinct topologies, which could suggest the construction
of other experimental devices of direct interest to the control
and manipulation of quantum information. We are now elab-
orating on some of the above issues, hoping to report on them
in the near future.
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